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RATIONAL CONVEX CONES AND CYCLOTOMIC
MULTIPLE ZETA VALUES
TOMOHIDE TERASOMA
1. Introduction
In this paper, we introduce zeta values of rational convex cones in a fi-
nite dimensional vector space over Q, which is a generalization of cyclotomic
multiple zeta values. Cyclotomic multiple zeta values appears in the period
integral for the fundamental group of C× − µN , where µN is the subgroup
of N -th root of unities in C×. The reader may find references for cyclotomic
multiple zeta values in [R].
Let C be a rational convex cone in Rm and l1, . . . , ln be rational linear
forms on Qm which is positive on the interior of C. Let χ be a finite order
character of Zm. The summation of
χ(x)
l1(x) · · · ln(x)
over the integral points x in the interior of C is denoted by ζC(l1, . . . , ln, χ)
and called the zeta value of the convex cone C. Our main theorem asserts
that the zeta value of a convex cone C can be expressed as a Qab-linear com-
bination of cyclotomic multiple zeta values, where Qab denotes the extension
of Q adjoining all roots of unities. Here we give the outline of this paper.
After defining zeta values of convex cones, we show that the zeta values have
integral expressions. Motivated by these integral expressions, we introduce
one variable functions I(yn) and we compare them with cyclotomic multiple
polylogarithms, whose special values are cyclotomic multiple zeta values. The
zeta values of C can be expressed as an integral of I(yn)’s. We study sequence
of differential equations satisfied by these functions I(yn)’s and compare cy-
clotomic multiple polylogarithm and I(yn)’s. Main theorem is a consequence
of these relations of functions.
By integral expressions of zeta values of cones, these zeta values can be
regarded as period integrals of varieties of pairs of some open parts of toric
varieties and sub-tori. Related varieties are defined as follows. Let (C×)n be
a torus and
φi, ψj : (C
×)n → C×
be surjective homomorphisms for i = 1, . . . , m, j = 1, . . . , m′. We define
divisors Di = φ
−1(1), Bj = ψ
−1
j (1). We set U = (C
×)n − ∪iDi and B =
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U ∩(∪jBj). Then the relative cohomology H
i(U ;B,Q) is of mixed Tate type.
By our main theorem, the period integral of Hi(U ;B,Q) can be expressed in
terms of cyclotomic multiple zeta values. In this paper, we produce concrete
algorithm to get the expression of zeta values of cones by cyclotomic multiple
zeta values.
2. Cyclotomic multiple zeta values and zeta values of convex
cones
In this and next sections, we give the definition of zeta values of convex
cones and their integral expression.
Definition 2.1. (1) Let N, k1, . . . , km ≥ 1 be natural numbers and χ =
(χ1, . . . , χm) be a homomorphism from Z
m to µN . We assume that
km 6= 1 if χ(0, . . . , 0, 1) is a trivial character. We define a cyclotomic
multiple zeta value ζ(k1, . . . , km, χ) by
ζ(k1, . . . , km, χ) =
∑
a=(a1,...,am)∈(N×)m
χ(a)
ak11 (a1 + a2)
k2 · · · (a1 + · · ·+ am)km
,
where N× = N − {0}. The natural number N is called the modulus
of the cyclotomic multiple zeta values.
(2) Let µN be the subgroup of N -th root of unities in C
× and µ∞ =
∪NµN . We put Q
ab = ∪N≥1Q(µN ). Let ZN be the Q
ab-sub linear
space of C generated by multiple zeta values of modulus N , i.e.
ZN = 〈ζ(k1, . . . , km, χ) |χ is a character whose values are contained in
µN , km 6= 1 if χ(0, . . . , 0, 1) = 1〉
We define Z∞ by the linear hull of ZN for all N ≥ 1.
Definition 2.2 (Rational convex cone). (1) A closed convex set C inRm
is called a rational convex cone if there exist finite number of rational
vectors v1, . . . , vb such that
C = R+v1 + · · ·+R+vb.
Moreover, if we can choose linearly independent vectors v1, . . . , vb over
R, C is called a simplicial cone. The interior of the cone C in the
R-linear hull of C is denoted by C0.
(2) A subset σ of a convex cone C is called a face of C if there exists a
linear form l of Qm such that (1) l(σ) ≥ 0, and (2) σ = {x | l(x) =
0} ∩ C.
(3) Let χ be a character of Zm and l1, . . . , ln be rational Q-linear forms
on Qm such that li(C
0) > 0 (i = 1, . . . , n). We define ζC(l1, . . . , ln, χ)
by
ζC(l1, . . . , ln, χ) =
∑
x∈C0∩Zm
χ(x)
l1(x) · · · ln(x)
,
if the sum is absolutely convergent. ζC(l1, . . . , lm, χ) is called a zeta
value of a convex cone C.
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The main theorem of this paper is the following.
Theorem 2.3. The value ζC(l1, . . . , ln, χ) is an element of Z∞.
Remark 2.4. (1) Cyclotomic multiple zeta values that converge abso-
lutely are special case of multiple zeta values for convex cones and
linear forms.
(2) A proto-type of this summation can be found in Zagier’s paper [Z].
(3) In this paper, we give an explicit algorithm to compute the value of
ζC(l1, . . . , ln, χ).
3. First reduction and integral expression
In this section, we reduce the main theorem to the case where C is a
simplicial cone and the semi group C ∩ Zm is freely generated by integral m
elements. Moreover we show that the zeta value of a convex cone C admits
an integral representation.
Lemma 3.1. Let L ⊃ Zm be a lattice in Qm such that the index κ = [L : Zm]
is finite. Let C be a rational convex cone in Rm. Let χ : Zm → µN be a
character and
IndL
Zm
(χ) = ⊕κi=1χi
be the absolutely irreducible decomposition of IndL
Zm
(χ). Then we have
∑
x∈C0∩Zm
χ(x)
l1(x) · · · ln(x)
=
1
κ
κ∑
i=1
∑
x∈C0∩L
χi(x)
l1(x) · · · ln(x)
.
Moreover if the left hand side converges absolutely, then each sums of the right
hand side converges absolutely.
Proof. For x ∈ L, we have an equality
IndL
Zm
(χ)(x) =
{
[L : Zm]χ(x) if x ∈ Zm
0 if x /∈ Zm.
Let x = (x1, . . . , xm) be a coordinate of Z
m. The condition for absolutely
convergence of the summation for the left hand side (resp. right hand side)
is equivalent to the finiteness of the integral∫
D
1
l1(x) · · · ln(x)
dx1 · · ·dxm
where D is the convex hull of C0∩Zm (resp. C0∩L). Therefore two conditions
are equivalent. 
Proposition 3.2. Let C = Rm+ . Let l1, . . . , ln be non-zero linear forms on
Qm defined by
l1 = l11x1 + · · ·+ l1mxm
. . .
ln = ln1x1 + · · ·+ lnmxm.
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with lij ∈ N. Let χ be a character of Z
n of finite order. We put
M1 = y
l11
1 · · · y
ln1
n , . . . ,Mm = y
l1m
1 · · · y
lnm
n .
Then we have
(3.1)
ζC(l1, . . . , ln, χ) =
∫
(0,1)n
χ(1, . . . , 1)M1 · · ·Mm
(1− χ(e1)M1) · · · (1− χ(em)Mm)
dy1
y1
· · ·
dyn
yn
,
where ei = (0, . . . , 0,
i
⌣
1 , 0, . . . , 0), if the left hand side exists.
Proof. For x ∈ Zm, we have
χ(x)
l1(x) · · · ln(x)
=
∫
(0,1)n
χ(x)y
l1(x)
1 · · · y
ln(x)
n
dy1 · · ·dyn
y1 · · · yn
=
∫
(0,1)n
χ(x)Mx11 · · ·M
xm
m
dy1 · · ·dyn
y1 · · · yn
.
By taking the summation for x ∈ (N×)m and using the absolutely convergent
condition for summation, we change the integration and summation. Thus
we get the theorem. 
Corollary 3.3. For any rational cone C, character χ of Zm and linear forms
l1, . . . , ln with li(C
0) > 0, the zeta value of ζC(l1, . . . , ln, χ) can be expressed
as a Qab-linear combination of integrals of the form (3.1).
Proof. We choose a decomposition C = ∪ki=1Ci of rational convex cone C, by
rational m-dimensional simplicial cones Ci. Then C
0 is a disjoint union of
open part of simplicial cones, which is denoted as
C0 =
κ∐
i=1
Di (Di ≃ R
×
+
di
).
Let Vi be a linear hull of Di and Vi ∩ Z
m is denoted as Li. The zeta values
of Di with respect to the lattice Li is denoted as ζDi(l1 |Di , . . . , ln |Di , χ |Di).
Then we have
(3.2) ζC(l1, . . . , ln, χ) =
κ∑
i=1
ζDi(l1 |Di , . . . , ln |Di , χ |Di).
For each i, we can choose a super-lattice L˜i ⊃ Li with [L˜i : Li] < ∞ and
L˜i ∩ Di is generated by di elements. By using Lemma 3.1 and Proposition
3.2, each term of the right hand side of (3.2) can be express as a Qab-linear
combination of the integrals of the form (3.1). 
Remark 3.4. Harmonic shuffle relations for multiple zeta values come from
these decompositions.
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4. Preparation for a decomposition by simplicial cones
In this section, we give some construction of decomposition of a convex
cone by rational simplicial cones. Let α1, . . . , αl be non-zero linear forms on
Qn and C an n-dimensional rational convex cone.
Notation 4.1. Let α be a linear form on Qn. The set α · Q× is called a
linear form up to constant multiple and denoted as [α].
Definition 4.2. (1) Let ∆ be a simplicial cone and α be a linear form
on ∆. The linear form α is said to be definite on ∆ if α(∆) ≥ 0 or
α(∆) ≤ 0.
(2) Let S = {α¯1, . . . , α¯l} be a set of linear forms up to constant multiple.
A decomposition
(4.1) C = ∪ki=1∆i
of C by simplicial cones is said to be compatible with respect to the
set S if α¯j is definite on ∆i for j = 1, . . . , l.
(3) Let α1, . . . , αl be linear forms on ∆ and α¯i = [αi]. Let F be a codi-
mension one face of ∆. The set S = {α¯1, . . . , α¯l} of linear forms
up to constant is said to be non-degenerate with respect to F if the
restriction of αi to F is non-zero for i = 1, . . . , l.
We use the following fact
Fact 4.3. Let C and S = {α¯1, . . . , α¯l} be as above. Then there exists a
decomposition (4.1) with the following properties.
(1) The decomposition is compatible with respect to S.
(2) There exists a codimension one face Fi of ∆i such that the set S =
{α¯1, . . . , α¯l} is non-degenerate with respect to Fi.
Definition 4.4. (1) A sequence of simplicial cones
F : ∆ = ∆(0) ⊃ ∆(1) ⊃ · · · ⊃ ∆(n−1)
is called a flag of ∆ if ∆(i) is a codimension i face of ∆(i). For a flag
F , there exists a coordinate (η1, . . . , ηn) of Q
n such that
(a) ∆ = {ηi ≥ 0 for i = 1, . . . , n},
(b) ∆(i) = {(η1, . . . , ηn) ∈ ∆ | η1 = · · · = ηi = 0}.
This coordinate is called a standard coordinate for the flag F .
(2) Let ∆ be an n-dimensional simplicial cone, σ be an (n−i)-dimensional
face of ∆. Then there exist a unique i dimensional face σ∗ of ∆ such
that σ ∩ σ∗ = {0}. The face σ∗ is called the dual face of σ.
(3) For two convex cones σ1 and σ2, the linear join σ1 ∗ σ2 of σ1 and σ2
is defined by
σ1 ∗ σ2 = {ax+ by | a, b ∈ R, a, b ≥ 0, a+ b = 1, x ∈ σ1, y ∈ σ2}.
Remark 4.5. (1) If two linear forms α1 and α2 are distinct up to con-
stant multiple and α1(v) 6= 0, α2(v) 6= 0, Then the restriction (α1(v)α2−
α2(v)α1) |F is non-zero.
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(2) Let F be a flag of n-dimensional simplicial cone ∆ and ∆(n−1) the
one dimensional component of the flag F . The dual of ∆(n−1) in ∆ is
a codimension one face and denoted as ir(F ). The face ir(F ) is called
the irregular face of the flag F . A face σ of ∆ is called a regular face
if it is not contained in the irregular face ir(F ). Let (η1, . . . , ηn) be a
standard coordinate for the flag F . Then an nσ-dimensional regular
face σ is defined by
(4.2) ηj = 0 for j /∈ {i1, . . . , inσ},
where 1 ≤ i1 < · · · < inσ = n. The coordinate (ηi1 , . . . , ηinσ ) of σ is
called the standard coordinate. We put ηi1 = η
σ
1 , · · · , ηinσ = η
σ
nσ
.
We define the notion of derived sequence of linear forms.
Definition 4.6 (Derived sequence of linear forms). (1) Let ∆ be a sim-
plicial cone, F be a codimension one face of ∆ and S = {α¯1, . . . , α¯l}
be a set of linear forms up to constant multiple on ∆ which is non-
degenerate with respect to F . Let v be a non-zero vector in the dual
F ∗ of F . We define a set DF (S) of linear forms on F up to constant
multiple as the union of
(a) the set {[α |F ] | [α] ∈ S}, and
(b) the set {[(α1(v)α2−α2(v)α1) |F ] | [α1], [α2] ∈ S, α1(v) 6= 0, α2 6=
0}.
(2) Let F = {∆(0) ⊃ ∆(1) ⊃ · · · ⊃ ∆(n−1)} be a flag of ∆ and S(i) be a set
of linear forms up to constant multiple on ∆(i). The pair {F, {S(i)}i}
is called a derived sequence of linear forms if the following conditions
are satisfied.
(a) The set S(i) is non-degenerate with respect to the face ∆(i+1).
(b) The set S(i) is definite on ∆(i).
(c) D∆(i+1)(S
(i)) ⊂ S(i+1).
Proposition 4.7. Let F be a flag of n-dimensional simplicial cone ∆ and
(F, {S(i)}i) a derived sequence of linear forms.
(1) The restriction of an element α ∈ S(i) (i = 1, . . . , n− 1) to ∆(n−1) is
non-zero. In other words, using a standard coordinate (η1, . . . , ηn) of
∆, the linear form α can be written as
α = α(i+1)ηi+1 + · · ·+ α
(n)ηn
with α(i+1) ≥ 0, . . . , α(n−1) ≥ 0, α(n) > 0.
(2) Let σ be a regular face of the flag F . The restriction of an element
α ∈ S(i) to σ ∩∆(i) is non-zero.
(3) Let σ be a codimension one regular face of the flag F defined by ηp = 0.
We define a flag of Fσ = σ ∩ F by
σ = ∆(0) ∩ σ ⊃ ∆(1) ∩ σ ⊃ · · · ⊃ ∆(p−1) ∩ σ = ∆(p) ⊃ · · · ∆(n−1)
‖ ‖ ‖ ‖
∆
(0)
σ ⊃ ∆
(1)
σ ⊃ · · · ⊃ ∆
(p−1)
σ ⊃ · · · ∆
(n−2)
σ
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For i < p− 1, we define a set of linear forms S
(i)
σ on ∆(i) ∩ σ by
S(i)σ = {[α |∆(i)∩σ] | [α] ∈ S
(i)}.
and for i ≥ p−1, we define S
(i)
σ = S(i+1). Then (Fσ, {S
(i)
σ }i=1,...,n−2)
is a derived sequence of linear forms.
Proof. The statement (1) and (2) is obvious from the definition of derived
sequence of linear forms.
(3) Let σ∗ be the dual face of σ. Then
∆(i−1) = σ∗ ∗∆(i−1)σ ⊃ ∆
(i) = σ∗ ∗∆(i)σ
for i ≤ p− 1. Therefore we can use common v in Definition 4.6 (1) to define
D
∆
(i)
σ
(S
(i−1)
σ ) and D∆(i)(S
(i−1)). As a consequence, for i ≤ p− 1, we have
D
∆
(i)
σ
(S(i−1)σ ) = {[α |∆(i)σ
] | [α] ∈ D∆(i)(S
(i−1))}
⊂ {[α |
∆
(i)
σ
] | [α] ∈ S(i)}.
Since {[α |
∆
(i)
σ
] | [α] ∈ S(i)} = S
(i)
σ if i < p− 1, and
{[α |
∆
(p−1)
σ
] | [α] ∈ S(p−1)} ⊂ S(p) = S(p−1)σ ,
the third condition for a derived sequence for linear forms are satisfied. The
first condition is a consequence of the second statement of the proposition,
and the second condition is obvious. 
Corollary 4.8. Let ∆ be an n-dimensional simplicial cone, F be a flag of ∆
and D = (F, {S(i)}) be a derived sequence for F . Let σ be an m-dimensional
regular face for F and 1 ≤ i1 < i2 < · · · < ηinσ = n be the index set given in
(4.2). We set
(1) ∆
(0)
σ = σ,∆
(1)
σ = σ ∩∆(i2−1), . . . ,∆
(nσ−1)
σ = σ ∩∆(inσ−1) and
(2)
S(0)σ = S
(i1−1) |
∆
(0)
σ
, S(1)σ = S
(i2−1) |
∆
(1)
σ
, . . . , S(nσ−1)σ = S
(inσ−1) |
∆
(nσ−1)
σ
.
Then Fσ = {∆
(i)
σ }i=0,...,nσ−1 is a flag of σ and Dσ = (Fσ, {S
(i)
σ }i=0,...,nσ−1)
is a derived sequence of σ.
Definition 4.9. The above derived sequence Dσ is called the restriction of D
to σ.
Proposition 4.10. Let C be an n-dimensional rational convex cone in Rn
and S = {α¯1, . . . , α¯l} be a set of linear forms on Q
n distinct to each other up
to constant multiple. Then there exists
(1) a decomposition C = ∪ki ∆˜i by rational simplicial cones and
(2) a flag
Fi : ∆˜i = ∆˜
(0)
i ⊃ ∆˜
(1)
i ⊃ · · · ⊃ ∆˜
(n−1)
i
for each i = 1, . . . , k, and
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(3) a sequence of sets of linear forms S
(0)
i , S
(1)
i , . . . , S
(n−1)
i up to constant
multiple on ∆˜
(0)
i , ∆˜
(1)
i , . . . , ∆˜
(n−1)
i
such that pairs {Fi, {S
(j)
i }j} is a derived sequence for i = 1, . . . , k and S
(0)
i =
{α¯1, . . . , α¯l}.
Proof. Step 1. We inductively construct the following sets and maps.
(1) Index sets I(0), I(1), . . . , I(n−1) and a surjective map ρ : I(i) → I(i−1)
for i = 1, . . . , n− 1.
(2) (n− i)-dimensional simplicial cones ∆
(i)
j indexed by j ∈ I
(i).
(3) A set S
(i)
j of linear forms up to constant multiple on ∆
(i)
j .
with the following properties:
(1) For k ∈ I(i−1),
E
(i−1)
k = ∪ρ(j)=k∆
(i)
j
is a decomposition by simplicial cones of a codimension one face of
∆
(i−1)
k .
(2) The set S
(i−1)
k is non-degenerate with respect to the face E
(i−1)
k of
∆
(i−1)
k .
(3) Each element in S
(i−1)
k is definite on ∆
(i−1)
k .
(4) S
(i)
j is equal to DE(i−1)
ρ(j)
(S
(i−1)
ρ(j) ).
Step 2. Let ρi : I
(n−1) → I(i) be the successive composite of ρ. We inductively
construct the following decomposition of ∆
(i)
j for j ∈ I
(i):
(4.3) ∆
(i)
j = ∪ρi(p)=j∆˜
(i)
p .
For i = n − 1, we put ∆˜
(n−1)
p = ∆
(n−1)
p for p ∈ I(n−1). We construct a
decomposition of ∆
(i−1)
k for k ∈ I
(i−1) using decompositions (4.3) of ∆
(i)
j for
j ∈ I(i). The dual simplex of E
(i−1)
k in ∆
(i−1)
k is denoted by G
(i−1)
k . For
p ∈ I(n−1), we put ∆˜
(i−1)
p = ∆˜
(i)
p ∗G
(i−1)
ρi−1(p)
. Then we have
∆
(i−1)
k = E
(i−1)
k ∗G
(i−1)
k
= (∪ρ(j)=k∆
(i)
j ) ∗G
(i−1)
k
= (∪ρi−1(p)=k∆˜
(i)
p ) ∗G
(i−1)
k
= ∪ρi−1(p)=k∆˜
(i−1)
p .
As a consequence, we have a decomposition
∆(0) = ∪p∈I(n−1)∆˜
(0)
p .
of ∆(0). On the simplicial cone ∆˜
(i−1)
p , we have a flag
Fp : ∆˜
(0)
p ⊃ ∆˜
(1)
p ⊃ · · · ⊃ ∆˜
(n−1)
p .
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For p ∈ I(n−1), we have a inclusion ∆˜
(i)
p ⊂ ∆
(i)
ρi(p)
. The restriction of S
(i)
ρi(p)
to
∆˜
(i)
p is denoted as S
(i)
p . Then we have
S(i)p = D∆˜(i−1)p
(S(i−1)p )
and the pair (Fj , {S
(i)
j }j) is a derived sequence of linear forms. 
Let ∆ be an n-dimensional simplicial cone, F be a flag on ∆ and D =
(F, {S(i)}i) be a derived sequence of linear forms. For a regular face σ of
∆, the restriction of D to σ is denoted as Dσ. We fix a standard coordinate
(η1, . . . , ηn) of ∆ with respect to the flag F . Let e1, . . . , en ≥ 1 be natural
numbers. Then the coordinate (η˜1, . . . , η˜n) defined by ηi = eiη˜i is also a
standard coordinate for F . Then the linear form α = α(1)η1 + · · ·+ α
(n)ηn is
transformed into
α = (e1α
(1))η˜1 + · · ·+ (enα
(n))η˜n
with respect to the coordinate (η˜1, . . . , η˜n).
Lemma 4.11. Let D = (F, {S(i)}) be a derived sequence of linear forms on
F , (η1, . . . , ηn) be a standard coordinate of ∆ for F . Then there exist natural
numbers e1, . . . , en ≥ 1 with the following property: By changing coordinate
(η˜1, . . . , η˜n) with a relation ηi = eiη˜i, any element α¯ ∈ S
(i)
σ such that α¯(v) 6= 0
for a non-zero vector v in (∆
(i+1)
σ )∗ has a representative
α = αi+1η˜
σ
i+1 + · · ·+ αnσ η˜
σ
nσ
such that αi+1 = 1 and αj ∈ N for j ≥ i+ 1.
Definition 4.12. (1) The representative α = (αi+1, . . . , αn) with the
above property is called the primitive representative. The standard
coordinate (η1, . . . , ηn) is called primitive with respect to the derived
sequence D if it has the property of the above lemma.
(2) Let D = (F, {S(i)}i) be a derived sequence of linear forms and v a
non-zero element of (∆(i+1))∗. The set of primitive representative of
the subset
{α¯ ∈ S(i) | α¯(v) 6= 0}
of S(i) is called the variable part of S(i) and denoted as S
(i)
var.
5. The second reduction, Definite integral of type S and type D
Let ∆ be an n-dimensional simplicial cone and F a flag of ∆, We choose
a primitive standard coordinate (η1, . . . , ηn) of ∆ with respect to the flag F .
Let S = {α¯1, . . . , α¯l} be a set of distinct definite non-zero rational linear forms
on ∆ up to constant. For a linear form
(5.1) α = α(1)η1 + · · ·+ α
(n)ηn on ∆ such that α
(i) ∈ N,
yα denotes a monomial in Q[y1, . . . , yn] defined by y
α = yα
(1)
1 · · · y
α(n)
n .
10 TOMOHIDE TERASOMA
Definition 5.1. (1) We consider a rational function of the form
(5.2) L =
p∏
i=1
( eiyαi
1− eiyαi
)µi
,
where αi is a linear form on ∆ with the condition (5.1) and ei is an
element of µN for some N ∈ N. The integral
(5.3) I =
∫
(0,1)n
L(y1, . . . , yn)
dy1
y1
· · ·
dyn
yn
is called a definite integral of type S if [αi] ∈ S (i = 1, . . . , p) and the
integral (5.3) converges absolutely.
(2) Let F be a flag of ∆. For a derived sequence D = (F, {S(i)}i), the
integral (5.3) is called a definite integral of type D if αi ∈
∐n−1
i=1 S
(i)
var
and the integral converges absolutely.
Example 5.2.
The integral of the right hand side of (3.1) is a definite integral of type S,
where
S = {[α1], . . . , [αm]},
αi = l1iη1 + · · ·+ lniηn (i = 1, . . . , m).
Proposition 5.3. Let ∆ be an n-dimensional simplicial cone and S = {α¯1, . . . , α¯l}
be a set of linear forms on ∆ up to constant multiple such that α¯i is definite
on ∆. Let I be a definite integral of type S. Then there exists
(1) a finite number of n-simplexes ∆1, . . .∆k,
(2) a flag Fj of ∆j for j = 1, . . . , k,
(3) a derived sequences of linear forms Dj = (Fj , {S
(i)
j }) (j = 1, . . . , k)
with S
(0)
j = S for i = 1, . . . , k and
(4) and a definite integral Ij of type Dj for j = 1, . . . , k
such that I is Qab-linear combination of I1, . . . , Ik.
Proof. We apply the construction of Proposition 4.10 for ∆ and S = {α¯1, . . . , α¯l}
and we get a decomposition
(5.4) ∆ = ∪j∈I∆˜j
of simplicial cones, a flag Fj on ∆˜j and a derived sequence Dj = (Fj , {S
(i)
j })
with the properties of Proposition 4.10. We fix a standard coordinate (η1, . . . , ηn)
of ∆. For each j, we choose a coordinate (η
(j)
1 , . . . , η
(j)
n ) of ∆˜j with a relation
ηi =
∑n
k=1 a
(j)
ik η
(j)
k with the property of Lemma 4.11. We introduce a new
variable y
(j)
1 , . . . , y
(j)
n and define a monomial y1, . . . , yn of y
(j)
1 , . . . , y
(j)
n by
(5.5) yi = yi(y
(j)
1 , . . . , y
(j)
n ) = (y
(j)
1 )
a
(j)
i1 · · · (y(j)n )
a
(j)
in
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Since (0, 1)n = {exp(−η) | η ∈ ∆}, by the decomposition (5.4), we have a
decomposition of (0, 1)n = ∪j∈IDj , where
Di = {exp(−η) | η ∈ ∆˜j}
= {(y1(y
(j)
1 , . . . , y
(j)
n ), . . . , yn(y
(j)
1 , . . . , y
(j)
n ) | y
(j)
1 ∈ (0, 1), . . . , y
(j)
n ∈ (0, 1)}.
Thus the integral (5.3) is equal to∫
(0,1)n
L(y1, . . . , yn)
dy1
y1
· · ·
dyn
yn
=
∑
j∈I
∫
Dj
L(y1, . . . , yn)
dy1
y1
· · ·
dyn
yn
.
For a linear form α, a monomial yα can be regarded as a monomial of
y
(j)
1 , . . . , y
(j)
n by the relation (5.5), which is denoted as (y(j))α
(j)
. By changing
coordinate of integral, we have∫
Dj
p∏
i=1
( eiyαi
1− eiyαi
)µi dy1
y1
· · ·
dyn
yn
(5.6)
=A(j)
∫
(0,1)n
p∏
i=1
( ei(y(j))α(j)i
1− ei(y(j))α
(j)
i
)µi dy(j)1
y1
∧ · · · ∧
dy
(j)
n
yn
,
where A(j) = det(a
(j)
ij ). Then by the property of the coordinate in Lemma
4.11, we have α
(j)
i = eiα
(j)
i
′
with α
(j)
i
′
∈ S
(p)
j,var for some p and ei ∈ N
×. Using
the equality
awe
1− awe
=
∏
be=a
(1 +
bw
1− bw
)− 1,
the second line of (5.6) is expressed as a Qab-linear combination of definite
integrals of type Dj . 
Remark 5.4. Shuffle relations for iterated integrals come from these decom-
positions.
6. The third reduction, Definite Integral of type D and
uni-factor integral of type D
Let ∆ be an n-dimensional simplicial cones, F a flag on ∆ and D =
(F, {S(i)}i) be a derived sequence of linear forms. We consider a function
I(yn) of yn defined by the following integral.
(6.1) I(yn) =
∫
(0,1)n−1
L(y1, . . . , yn−1, yn)
dy1
y1
· · ·
dyn−1
yn−1
.
where
L(y1, . . . , yn) =
p∏
i=1
eiy
αi
(1− eiyαi)µi
with αi ∈
∐
j
S(j)var, ei ∈ µ∞
and µi ≥ 1.
Lemma 6.1. Let yn ∈ (0, 1). Then the followings are equivalent.
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(1) The rational function
L(y1, . . . , yn)
y1 · · · yn−1
is bounded on (0, 1)n−1 × {yn}.
(2) The numerator of L(y1, . . . , yn) is divisible by yi for 1 ≤ i ≤ n− 1.
(3) The integral (6.1) converges absolutely.
The integral (6.1) is called a uni-factor integral of type D if
L(y1, . . . , yn) =
n−1∏
i=0
Li(yi+1, . . . , yn)
Li(yi+1, . . . , yn) =


eiy
αi
(1− eiyαi)µi
with αi ∈ S
(i)
var,µi ≥ 1, ei ∈ µ∞, or
1
,
and the equivalent conditions in Lemma 6.1 are satisfied.
In the rest of this section, we express the integral (6.1) as a linear combi-
nation of “uni-factor integral”.
Proposition 6.2. The integral I(yn) in (6.1) can be written as a Q
ab-linear
combination of uni-factor integrals of type D. Moreover if the numerator of
L in the expression (6.1) of the integral I(yn) is divisible by yn, then it can
be written as a Qab-linear combination of uni-factor integral such that the
numerator of L in (6.1) is divisible by yn.
Proof.
The subset of {y1, . . . , yn} consisting of elements dividing the numerator of
L(y1, . . . , yn) is called the zero set of L(y1, . . . , yn) and denoted by Z(L(y1, . . . , yn)).
Let p (1 ≤ p ≤ n) be an integer. By the induction of p, we prove that the
integral (6.1) can be expressed as a Qab-linear combination of integrals of the
form∫
(0,1)n−p−1
M (p)(yp+1, . . . , yn)
dyp+1
yp+1
· · ·
dyn−1
yn−1
∫
(0,1)p
N (p)(y1, . . . , yn)
dy1
y1
· · ·
dyp
yp
,
where
M (p)(y1, . . . , yn) =
l∏
i=1
fiy
βi
(1− fiyβi)νi
with βi ∈
∐
j≥p
S(j)var, νi ≥ 1,fi ∈ µ∞
N (p)(y1, . . . , yn) =
p−1∏
i=0
N
(p)
i (yi+1, . . . , yn)
N
(p)
i (yi+1, . . . , yn) =


eiy
αi
(1− eiyαi)µi
with αi ∈ S
(i)
var, µi ≥ 1,ei ∈ µ∞, or
1
,
with Z(M (p)N (p)) ⊃ {y1, . . . , yn−1}. To proceed the induction, it is enough
to prove the following lemma. 
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Lemma 6.3. A rational function
M(y1, . . . , yn) =
l∏
i=1
eiy
αi
(1− eiyαi)µi
with αi ∈ S
(p)
var, ei ∈ µ∞
can be expressed as a Qab-linear combination of rational functions of the form
N =
fyβ
(1− fyβ)ν
l∏
i=1
eiy
αi
(1− eiyαi)µi
with β ∈ S(p)var, αi ∈
∐
j≥p+1
S(j)var, f, ei ∈ µ∞
such that Z(N) ⊃ Z(M).
Proof. We prove the lemma by the induction of
∑l
i=1 µi. If l = 1, then there is
nothing to prove. We assume l ≥ 2 and
e1y
α1
(1− e1yα1)µ1
and
e2y
α2
(1− e2yα2)µ2
have
distinct factors of denominators. We put e1y
α1 = yp+1γ1, e2y
α2 = yp+1γ2.
By the property of derived sequence, we may assume γ2/γ1 = (e2/e1) · y
δ ∈
Q[yp+2, . . . , yn] and [δ] ∈ S
(p+1). On the other hand, we have
γ1yp+1
1− γ1yp+1
γ2yp+1
1− γ2yp+1
=
γ2/γ1
(1− γ2/γ1)
γ1yp+1
1− γ1yp+1
+
( −γ2/γ1
1− γ2/γ1
− 1
) γ2yp+1
1− γ2yp+1
and
Z(
γ1yp+1
1− γ1yp+1
γ2yp+1
1− γ2yp+1
) = Z(
γ2/γ1
(1− γ2/γ1)
γ1yp+1
1− γ1yp+1
)
= Z(
γ2yp+1
1− γ2yp+1
).
By multiplying both sides by
1
(1− e1yα1)µ1−1
1
(1− e2yα2)µ2−1
3∏
i=1
eiy
αi
(1− eiyαi)µi
,
using the relation
1
(1− eiyαi)
=
eiy
αi
(1− eiyαi)
+ 1,
we have the statement of the lemma by the assumption of the induction for∑l
i=1 µi. 
Corollary 6.4. For a definite integral I in (5.3), there exist a Qab-linear
combination I(yn) of uni-factor integrals such that I(0) = 0 and
I = lim
t→1
∫ t
0
I(yn)
dyn
yn
.
14 TOMOHIDE TERASOMA
7. Uni-factor integral of type D and Simple uni-factor integral
of type D
Let ∆ be an n-dimensional simplex and F be a flag of ∆. Let σ be a regular
face of dimension nσ for the flag F . Let 1 ≤ i1 < · · · < inσ = n be the index
set given in Remark 4.5 (4.2) and (ησ1 , . . . , η
σ
1 ) be the standard coordinate of
σ. We consider an embedding
(C×)nσ ⊂ (C×)n
defined by
(yσ1 , . . . , y
σ
nσ
) 7→ (1, . . . , 1,
i1⌣
yσ1 , 1, . . . , 1,
i2⌣
yσ2 , 1, . . . , 1,
inσ⌣
yσnσ)
We generalize the notion of uni-factor integral by introducing the notion of
weight. Let D be a derived sequence of linear forms and the restriction of D
to σ is denoted by Dσ = (F, {S
(i)
σ }). Let k ≤ n − 1. We consider a rational
function
L = L(yσ1 , . . . , y
σ
nσ
) =
nσ−1∏
i=0
Li(y
σ
i+1, . . . , y
σ
nσ
)
(7.1)
Li(y
σ
i+1, . . . , y
σ
nσ
) =


eiy
σαi
(1− eiyσαi)µi
with αi ∈ S
(i)
σ,var, ei ∈ µ∞, or
1
,
(7.2)
satisfying the condition
(7.3) The numerator of L(yσ1 , . . . , y
σ
nσ
) is divisible by yσi for 1 ≤ i ≤ k.
Since
∏nσ−1
i=k Li is independent of y
σ
1 , . . . , y
σ
k , the condition (7.3) is equivalent
to the condition
The numerator of
k−1∏
i=1
Li(y
σ
i+1, . . . , y
σ
nσ
) is divisible by yσi for 1 ≤ i ≤ k.
Then the integral
(7.4) I(yσk+1, y
σ
k+2, . . . , y
σ
nσ
) =
∫
(0,1)k
L(yσ1 , . . . , y
σ
nσ
)
dyσ1
yσ1
· · ·
dyσk
yσk
.
is a function of (yσk+1, y
σ
k+2, . . . , y
σ
nσ
).
Definition 7.1. (1) The integral (7.4) is called a uni-factor integral of
type Dσ of weight k.
(2) A uni-factor integral is said to be simple, if Li = 1 or µi = 1 for
i ≤ k − 1 and Lk = Lk+1 = · · · = Lnσ−1 = 1 in the expression (7.2).
(3) The subset of {yσ1 , . . . , y
σ
nσ
} consisting of elements dividing the numer-
ator of L(yσ1 , . . . , y
σ
nσ
) is called the zero set of L(yσ1 , . . . , y
σ
nσ
) and de-
noted by Z(L(yσ1 , . . . , y
σ
nσ
)). For a uni-factor integral (7.4), Z(L(yσ1 , . . . , y
σ
nσ
))−
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{yσ1 , . . . , y
σ
kσ
} is called the zero set of the uni-factor integral and de-
noted by Z(I(yσk+1, . . . , k
σ
nσ
)).
If yi ∈ Z(I(y
σ
k+1, . . . , k
σ
nσ
)), then I(yσk+1, . . . , k
σ
nσ
) |yi=0= 0. The set of
functions on (yσk+1, . . . , y
σ
nσ
) generated by uni-factor (resp. simple uni-factor
) integrals of weight k is denoted by Uσ,k (resp. Sσ,k).
We consider three sequence of statements. We use n = nσ and (y1, . . . , yn)
for (yσ1 , . . . , y
σ
n) for simplicity.
(Aσ,k) Let h(yk+1, . . . , yn) be an element of Uσ,k and set Z = Z(h(yk+1, . . . , yn)).
Then h(yk+1, . . . , yn) can be written as a Q
ab-linear combination of
M(yk+1, . . . , yn)f(yk+1, . . . , yn), where
(a) f(yk+1, . . . , yn) ∈ Sσ′,k′ with k
′ ≤ k, σ′ ≤ σ,
(b)
M(yk+1, . . . , yn) =
n−1∏
i=k
Mi(yi+1, . . . , yn),(7.5)
Mi(yi+1, . . . , yn) =


eyαi
(1− eyαi )
ναi
with αi ∈ S
(i)
σ,var
1,
(7.6)
and
(c) Z ⊂ Z(M(yk+1, . . . , yn)f(yk+1, . . . , yn))
(Bσ,k) Let h(yk+1, . . . , yn) be an element of Sσ,k and set Z = Z(h(yk+1, . . . , yn)).
Then for any i ∈ [k + 1, n], yi
∂
∂yi
h(yk+1, . . . , yn) can be written as a
Qab-linear combination of f(yk+1, . . . , yn) ∈ Uσ′,k′ with k
′ < k and
Z ⊂ Z(f(yk+1, . . . , yn))
(Cσ) The statement (Aσ,k) and (Bσ,k) holds for all k.
Proposition 7.2.
(Cσ′ for σ
′ < σ) and
(Aσ,k′ for k
′ < k) and
(Bσ,k′ for k
′ < k)
⇒ (Aσ,k)
Proof. Let f = f(yk+1, . . . , yn) be an element of Uσ,k. Then f can be written
as
f(yk+1, . . . , yn) =
∫ 1
0
g(yk, . . . , gn)
dyk
yk
,
where g ∈ Uσ,k−1. We put Z(g(yk, . . . , yn)) = Z ∪ {yk}. By the inductive
hypothesis, the function g(yk, . . . , y1) can be written as a Q
ab-linear combina-
tion of M(yk, . . . , yn)h(yk, . . . , yn) where (1) h(yk, . . . , yn) ∈ S
(k−1)
σ,var , (2)M =∏n−1
i=k−1Mi where Mi is given in the form (7.6), and (3) Z(g(yk, . . . , yn)) ⊂
Z(M(yk, . . . , yn)h(yk, . . . , yn)).
(I) The case Mk−1 = 1. In this case yk ∈ Z(h) and the integral∫ 1
0
h(yk, . . . , yn)
dyk
yk
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is simple uni-factor integral by definition.
(II) The case where the (k−1)-th factor ofM is given asMk−1 =
eyαk−1
(1− eyαk−1)ek−1
.
We put yαk−1 = pyk with a monomial p = p(yk+1, . . . , yn). If ek−1 = 1, the
integral
(7.7)
∫ 1
0
epyk
(1− epyk)ek−1
h(yk, . . . , yn)
dyk
yk
is an element in Sσ,k. If ek−1 > 1, then the integral (7.7) is equal to
1
ek−1 − 1
[( 1
(1− epyk)ek−1−1
− 1
)
h(yk, . . . , yn)
]1
yk=0
(7.8)
−
1
ek−1 − 1
∫ 1
0
( 1
(1− epyk)ek−1−1
− 1
)(
yk
∂
∂yk
h(yk, . . . , yn)
)dyk
yk
(7.9)
The first term (7.8) can be written as a uni-factor integral of weight less than
k by the equality
1
(1− x)m
= 1 +
x
1− x
+
x
(1− x)2
+ · · ·+
x
(1− x)m
.
By the assumption (Bσ,k−1), the second term (7.9) can be written as a Q
ab-
linear combination of uni-factor integral of weight less than k. We can see that
the zero set of each term in (7.8) and (7.9) contains Z(Mk−1h)− {yk}. 
Proposition 7.3.
(Bσ,k′ for k
′ < k)⇒ (Bσ,k)
Proof. Let f = f(yk+1, . . . , yn) be an element of Sσ,k. Then f can be written
as
f(yk+1, . . . , yn) =
∫ 1
0
Lk−1(yk, . . . , yn)g(yk, . . . , gn)
dyk
yk
,
where g ∈ Sσ,k−1, Lk−1 =
eyαk−1
1− eyαk−1
with αk−1 ∈ S
(k−1)
σ or 1.
(I) If Lk−1 = 1, then Z(f) = Z(g)− {yk} and
yi
∂
∂yi
f(yk+1, . . . , yn) =
∫ 1
0
yi
∂
∂yi
g(yk, . . . , gn)
dyk
yk
,
and by inductive hypothesis, it is a Qab-linear combination of uni-factor in-
tegral of weight less than k.
(II) If Lk−1 =
eyαk−1
1− eyαk−1
, then Z(f) = Z(Lk−1g(yk, . . . , y1)). We have
yi
∂
∂yi
f(yk+1, . . . , yn) =
∫ 1
0
eyαk−1
1− eyαk−1
yi
∂
∂yi
g(yk, . . . , gn)
dyk
yk
+
∫ 1
0
ceyαk−1
(1− eyαk−1)2
g(yk, . . . , gn)
dyk
yk
(7.10)
RATIONAL CONVEX CONES AND CYCLOTOMIC MULTIPLE ZETA VALUES 17
Here c is the coefficient of αk−1 on ηi. The second term (7.10) is equal to[ ceyαk−1
1− eyαk−1
g(yk, . . . , gn)
]1
yk=0
−
∫ 1
0
ceyαk−1
1− eyαk−1
yk
∂
∂yk
g(yk, . . . , gn)
dyk
yk
.
By inductive hypothesis, we have the proposition. 
8. Proof of the main theorem
By Proposition 7.2 and Proposition 7.3, we have the following proposition
Proposition 8.1. (1) An element f(yn) in U∆,n−1 can be written as a
Qab-linear combination of
1
(1− eyn)µ
g(yn)
with µ ≥ 0, g(yn) ∈ S∆,n−1.
(2) For an element f(yn) ∈ S∆,n−1,
yn
∂
∂yn
f(yn)
is an element of U∆,n−2.
Definition 8.2. (1) For a differential form ω1, . . . , ωk on x, an iterated
integral is defined inductively by∫ y
0
ω1ω2 · · ·ωk =
∫ y
0
(ω1(z)
∫ z
0
ω2 · · ·ωk)
if k ≥ 2 and usual one if k = 1.
(2) A function on y defined by∫ y
0
(
dx
x
)k1−1
dx
1− e1x
(
dx
x
)k2−1
dx
1− e2x
· · · (
dx
x
)km−1
dx
1− emx
,
where ki ≥ 1, e ∈ µ∞ is called a multiple polylogarithm of weight
k = k1 + · · ·+ km.
(3) Let Pk be a Q
ab-linear combination of
1
(1− ey)µ
h(y), where µ ≥ 0
and h(y) is a multiple polylogarithm of weight less than or equal to k.
Proposition 8.3. Let f(y) be an element of Pk. Then∫ y
0
1
(1− et)ν
f(t)dt, (ν ≥ 1)
∫ y
0
1
t
f(t)dt
are elements of Pk+1.
Proof. We prove by the induction of k. Let f(y) be a multiple polylogarithm
of weight k and we show that the integral
∫ y
0
1
(1− et)ν
f(t)dt is an element of
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Pk+1 by the induction on ν. If ν = 1, the statement is true by the definition
of multiple polylogarithm. If ν ≥ 2, we have∫ y
0
1
(1− et)ν
f(t)dt(8.1)
=
[ 1
e(ν − 1)(1− et)ν−1
f(t)
]y
0
(8.2)
−
1
e(ν − 1)
∫ y
0
1
(1− et)ν−1
d
dt
f(t)dt(8.3)
The first term (8.2) is an element in Pk+1 by the hypothesis of induction on
ν. The second term (8.3) is an element in Pk by the hypothesis of induction
on k. As a consequence, the integral (8.1) is an element of Pk+1. 
By Proposition 8.1, Proposition 8.3, we have the following theorem.
Theorem 8.4. U∆,k ⊂ Pk.
Theorem 8.5. If the definite integral (5.3) is absolutely convergent, it is an
element in Z∞.
Proof. We apply Theorem 8.4 to the function I(yn) defined in (6.1). We put
f(y) =
∫ y
0
I(yn)
dyn
yn
Then by Proposition 8.3, f(y) ∈ Pk for some k and lim
y→1
f(y) = I exists. Since
f(y) can be written as∑
m<0
1
(1− y)m
hm(y) +
∑
{(e,m)|e 6=1 or m=0}
1
(1− ey)m
He,m(y)
where hm(y) and He,m(y) is a Q
ab-linear combination of multiple polyloga-
rithm. By the theory of regularization in [IKZ], [R], hm(y) and He,m can be
written as
hm(y) =
N∑
i=0
am,i(− log(1− y))
i + 0((1− x)ǫ)
He,m(y) =
N∑
i=0
ae,m,i(− log(1− y))
i + 0((1− x)ǫ),
where am,i and ae,m,i is a Q
ab-linear combination of cyclotomic multiple zeta
values. ([IKZ],[R]). Since lim
y→1
f(y) exists, we have am,i = 0 for m > 0, i ≥ 0
and ae,m,i = 0 for i > 0. Therefore we have
I =
∑
{(e,m)|e 6=1 or m=0}
ae,m,0
(1− e)m
.

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